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Model of the boundary layer of a vacuum-arc magnetic filter
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(Received 29 October 2012; accepted 4 March 2013; published online 18 March 2013)
A model is developed to describe the electrostatic boundary layer in a positively biased magnetic
filter in filtered arcs with low collisionality. The set of equations used includes the electron
momentum equation, with an anomalous collision term due to micro-instabilities leading to Bohm
diffusion, electron mass conservation, and Poisson equation. Analytical solutions are obtained,
valid for the regimes of interest, leading to an explicit expression to determine the electron density
current to the filter wall as a function of the potential of the filter and the ratio of electron density at
the plasma to that at the filter wall. Using a set of planar and cylindrical probes it is verified
experimentally that the mentioned ratio of electron densities remains reasonably constant for
different magnetic field values and probe bias, which allows to obtain a closed expression for the
current. Comparisons are made with the experimentally determined current collected at different
sections of a positively biased straight filter.VC 2013 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4795604]
INTRODUCTION
Vacuum arcs are used in many important applications,
such as film deposition of different materials and ion implan-
tation. Their good characteristics of high ion densities and
high degree of ionization are somehow lessened by their
tendency to generate macroparticles along with the arc
plasma. A common means to reduce the macroparticle to
plasma ratio is to employ a magnetic filter. In these devices,
either straight or curved, the magnetic lines guide and con-
centrate the plasma while the macroparticles follow essen-
tially ballistic trajectories. Appropriate design of the filter
thus allows an effective reduction of the mentioned ratio in
determined regions.1–4 In general, at the practical values of
the magnetic field employed (tens of mT) only the electrons
are effectively tied to the magnetic lines (their magnetic
gyro-radius is small compared to the filter minor dimension),
the ions are confined by the electrostatic potential resulting
from charge separation. Moreover, the plasma diffusive loses
into the filter walls can be reduced, between certain limits,
by positively biasing the filter.5 In the boundary layer
between the plasma and the filter wall the electrons diffuse
to the wall across the magnetic field, and the ions are
repelled from the wall by the electric field. The determina-
tion of the structure of this boundary layer, for a given set of
plasma and filter parameters, is essential to account for the
plasma losses and filter efficiency, as well as to determine
appropriate boundary conditions for the plasma in fluid-like
numerical simulations.
Models so far employed rely on electron-ion colli-
sions6,7 and are thus applicable to relatively high density
plasmas, typically with number densities above 1020 m3,
characteristic of high current (kA) arcs. The model pre-
sented here is applicable to low to medium current arcs
(about hundred Ampe`re) with plasma densities of order
1017m3, for which Coulomb collisions are in general neg-
ligible, in the sense that the collisional mean-free path of
electrons is comparable to the filter dimensions. The diffi-
culty in this non-collisional regime is that a mechanism
for diffusion across the magnetic field is needed to explain
the losses observed in the experiments. It was argued in a
previous work that anomalous collisions due to micro-
instabilities lead to a Bohm-like diffusion, together with
an anomalous ion friction term, which can explain the
observed dynamics of a non-collisional plasma in a straight
magnetic filter.8 It was argued there that these anomalous
effects are mediated by rapid, small scale electric fluctua-
tions, triggered by plasma micro-instabilities, as electron
drift or lower-hybrid unstable modes, as extensively studied
theoretically and experimentally for magnetron9,10 and
other discharges.11 In particular, it was found that the model
which correctly reproduced the experiment indicated larger
fluctuating energies for ions than for electrons, characteris-
tic of the instability of lower hybrid modes reaching its sat-
uration by absorption of the wave energy by the ions, which
is possible in the cases of cross-field density gradients and
cross-field relative motion of both species,12 conditions that
are expected to hold in the plasma close to the biased filter
wall.
In the following sections we develop a model along
these lines for the current collected by a positively biased
probe with surface parallel to the magnetic field. The model
is completed by experimentally verifying that the electron
density at the probe surface, relative to that of the plasma,
has very little dependence on to the probe bias and magnetic
field value, thus allowing to obtain a closed expression for
the probe characteristic.
MODEL
To model the boundary layer we consider the electron
fluid equation, neglecting the inertial term, in the stationary
regime for the geometry depicted in Fig. 1, with the mag-
netic field B along the y direction
0021-8979/2013/113(11)/113303/6/$30.00 VC 2013 American Institute of Physics113, 113303-1
JOURNAL OF APPLIED PHYSICS 113, 113303 (2013)
Downloaded 18 Mar 2013 to 157.92.4.76. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions
 1
ne
dpe
dx
 eðEx  uzBÞ  meef f ux ¼ 0;
e uxB meef f uz ¼ 0;
where e is the absolute value of the electron charge, me the
electron mass, ne the electron number density, pe ¼ neTe is
the electron pressure (with the electron temperature Te in
energy units), u the electron fluid velocity, ef f the effective
collision frequency, and E ¼ ru the electric field.
Assuming a constant Te one obtains from these equations the
electron fluid velocity normal to the wall
ux ¼  Te
meef f ð1þ x2ce=2ef f Þ
d ln ne
dx
þ e
meef f ð1þ x2ce=2ef f Þ
du
dx
; (1)
where xce ¼ eB=me is the electron cyclotron frequency.
The ions are considered in mechanical equilibrium in
the x direction so that
Zeuþ Ti ln ni ¼ Ti ln nip; (2)
where Z is the ion charge state, Ti is the ion temperature, ni
the ion number density, and nip that corresponding to the
plasma, for which the reference for the electrostatic poten-
tial, u ¼ 0, is taken.
The system of equations is completed with the continu-
ity equation for the electrons
d
dx
ðneuxÞ ¼ 0; (3)
and Poisson equation (e0 is the vacuum permittivity)
d2u
dx2
¼ e
e0
ðne  ZniÞ: (4)
As mentioned before, in the kind of vacuum arcs we
consider, with ion number densities of order 1017m3, the
classical collision frequency is too low to explain the
observed plasma losses to the filter. We thus consider that
an enhanced collision frequency takes place, which corre-
sponds to ef f ¼ axce, with a ¼ ~a=2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð~a=2Þ2  1
q
and
~a ﬃ 6 25.8,13
Equation (3) can be expressed as
neux ¼ je=e ¼ const:; (5)
with je the electron current density (considered positive),
while Eq. (2) is recast as
ni ¼ nip expðZeu=TiÞ: (6)
If we additionally define the non-dimensional potential
/  eu=Te
and the non-dimensional auxiliary function
GðnÞ  ne
Znip
expð/Þ ¼ ne
nep
expð/Þ;
where nep ¼ Znip is the electron density in the plasma, the
full set of Eqs. (1)–(4) reduces to
dG
dn
¼ K expð/Þ; (7)
d2/
dn2
¼ Gð/Þ expð/Þ  expðs/Þ; (8)
where n  x=k, with k the Debye length k ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃe0Te=ðe2nepÞp ,
with also
s  ZTe=Ti (9)
and
K ¼ ~ajeB=ðj0B0Þ; (10)
where the constants j0 and B0, with units of electric current
density and magnetic field, respectively, are given by
j0 ¼ enep
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Te=me
p
; (11)
B0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nepme=e0
q
: (12)
The use of the electron mass me in these expressions is only
a notational convenience, as it cancels out in relation (10).
The boundary conditions satisfied by the system (7) and
(8) are /ðn ¼ 0Þ ¼ /w (/w being the nondimensional poten-
tial of the filter wall relative to the plasma), together with
/ ¼ 0 and G ¼ 1 in the quasi-neutral plasma, n!1.
Using the notation /0  d/=dn the system (7) and (8)
can be expressed as
/0
dG
d/
¼ K expð/Þ; (13)
FIG. 1. Coordinate axes used for the boundary layer model. Also indicated
are some of the relevant parameters and plasma conditions assumed in the
model.
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/0
d/0
d/
¼ Gð/Þ expð/Þ  expðs/Þ: (14)
We now solve approximately the system (13) and (14)
starting by assuming (and afterward verifying) that for large
enough values of / one can write
/0 ¼ A/c; (15)
for some constants A and c, which allows to solve Eq. (13) to
yield
Gð/Þ ¼ K
A
C1cð/Þ; (16)
with C1c the incomplete Gamma function of order 1 c.
No integration constant appears in Eq. (16) because
Gð/Þexpð/Þ is the (non-dimensional) electron density,
which must decrease as / increases, due to constancy of the
electron current density (Eq. (5)). A non zero integration
constant would contribute an exponential growth of the elec-
tron density with /.
Use of Eqs. (15) and (16) in Eq. (14) leads to
cA3/2c1 ¼ KC1cð/Þ expð/Þ  expðs/Þ: (17)
As C1cð/Þexpð/Þ ! /c for large values of /, and as for
usual plasma conditions s is amply larger than one, Eq. (17)
is satisfied for large enough values of / when c ¼ 1=3 and
A ¼ ð3KÞ1=3, yielding
/0 ¼ ð3K/Þ1=3; (18)
Gð/Þ ¼ K2=3ð3/Þ1=3expð/Þ: (19)
With expressions (18) and (19) the approximations made can
be quantified, resulting in relative errors below 10% when
/ > 2.
The final goal is to express the current density to the
wall, given the potential of the wall relative to the plasma,
/w. In order to do this one must determine the value of K for
given /w and use relation (10) to obtain je. Without any fur-
ther assumption it is not possible to determine K given /w.
Usually, in order to close the problem, either the extension
of the boundary layer, np,
7 or the ratio of the electron density
at the wall, new, to that of the plasma, nep,
6 is assumed fixed.
According to Eq. (19) we have
new
nep
¼ Gð/wÞ expð/wÞ ¼ K2=3ð3/wÞ1=3; (20)
so that using Eq. (10) with the K determined by Eq. (20), the
current density to the wall is
je ¼ j0 B0ð3/wÞ
1=2
~aBðnep=newÞ3=2
: (21)
On the other hand, an estimation of the boundary layer
thickness can be obtained by integrating Eq. (18) between
n ¼ 0 (where / ¼ /w) and n ¼ np (where / ﬃ 0) to obtain
np ¼
ð3/wÞ2=3
2K1=3
: (22)
The resulting expression of K replaced in Eq. (10) gives
je ¼ j0 9B0/
2
w
8~aBn3p
: (23)
It is thus seen from expressions (21) and (23) that assum-
ing either fixed new=nep or fixed np leads to different func-
tional relations between je and /w, which can in principle be
checked experimentally, as is done in the next sections.
EXPERIMENTAL SETUP
In order to check which of the two relations (21) and
(23) fits better the experimentally determined current den-
sities, we employ the experimental setup represented in
Fig. 2. The vacuum chamber is a stainless steel cylinder
25 cm long with a 10 cm (inner) diameter. The chamber pres-
sure was maintained at a base pressure <102 Pa during the
whole arc discharge with an oil diffusion pump. A grounded
copper cathode (5 cm in length and 1 cm in diameter) is
located in front of an annular anode with an aperture of 5 cm
and a thickness of 2 cm. The distance between the cathode
frontal surface and the closest plane of the anode is 1 cm.
The lateral surface of the cathode was covered with a Pyrex
insulator, physically separated from the cathode, in order to
ensure that the ion emission was through the cathode front
surface. The entrance of the magnetic filter was placed at the
end of the anode, separated by a 1 cm insulating ring, at 4 cm
from the cathode frontal surface. The magnetic field is gener-
ated by an external coil wrapped around a stainless steel tube
(22 cm long, 5 cm inner diameter). The coil (3 layers of 30
turns each) was fed with dc current from an independent
power source. The magnetic field strength was measured
with a calibrated Hall probe, and the magnetic field intensity
was characterized with the value measured at the duct center
Bmax. The arc was pulsed for about 35ms, with an arc peak
current of (4506 20) A and an interelectrode voltage of
(456 5) V. More details can be found in Ref. 14.
In order to determine the ion number density, electron
temperature, and plasma potential relative to ground, probe
measurements were performed at 16 cm from the cathode
along the filter axis for Bmax ¼ 20, 29, and 43mT. A plane
disc probe of 6mm diameter was connected to a dc source
FIG. 2. Sketch of the experimental setup. Indicated is the planar probe used
to determine the plasma parameters. At the same position the cylindrical
probe is used for the validation of the model.
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and grounded through a 10X resistance to measure the probe
current (Is) as a function of the probe potential (Vs). The
electrical signals were registered using a four-channel digi-
tizing oscilloscope Tektronix TPS 2014 (100MHz, 1GS/s).
The surface of the probe was perpendicular to the duct axis
so as to use the standard Langmuir-Lam15 theory to deter-
mine densities and temperatures from the measurements.
The Lam expression for the probe current includes the effect
of the drifting energetic ions, and although it was derived for
spherical or cylindrical probes, in the limit considered of
large ion drift energies, compared to the electron tempera-
ture, only the cross-sectional area of the probe contributes,
and so it can be used for the planar case.
To measure the current reaching a surface parallel to the
magnetic field lines, the plane probe was replaced by a cylindri-
cal collector of 1.5mm in diameter and 15mm long, with its
axis along the duct axis. A characteristic Is-Vs curve was
obtained using the same electric circuit as the one used with the
planar probe for the same Bmax values of 20, 29, and 43mT.
RESULTS
From the Is-Vs curve corresponding to the planar probe
for Bmax ¼ 29mT, using Langmuir-Lam theory for copper
ions of kinetic energy 57 eV, and charge number Z ¼ 2, an
electron temperature of Te ¼ 4.76 0.1 eV, an ion number
density nip ¼ (1.06 0.3)  1017m3, and a plasma potential
relative to ground of (436 3) V were obtained for this mag-
netic field value at the probe position. In the same manner it
was verified that at this position the electron temperature
and plasma potential do not vary with the magnetic field
value, while the ion density at the same location resulted
in nip ¼ (4.96 1.6)  1016m3 for Bmax ¼ 20mT and nip
¼ (1.96 0.6)  1017m3 for Bmax ¼ 43mT.
For the same set of magnetic field values the planar
probe was replaced by the cylindrical probe with its axis
aligned with the magnetic field. Using the measured values
of ion density and electron temperature one can evaluate the
fraction of the current that is collected by the small front sur-
face of the cylindrical probe that is not parallel to the mag-
netic field. The calculated collected current by this front
surface is smaller than the total collected current by at least
one order of magnitude and can thus be neglected.
A practical problem is the alignment of the probe lateral
surface with the magnetic field, as even a small misalign-
ment results in relatively large currents collected when the
probe is at the plasma potential, whereas no current is pre-
dicted in a collisionless model for a well aligned probe.16
Measured values with the probe at the plasma potential
resulted in about 20% of the free streaming value of electron
current, corresponding to about a 10 angle between probe
surface and magnetic field. It was not possible to maintain
perfect alignment of the relatively long probe during the set
of discharges used to determine averaged values of the meas-
ured currents for each magnetic field value, and so in order
to compare with the theory, the current collected when
the probe is biased at the plasma potential, previously deter-
mined from the planar probe measurements, was substracted
from the values corresponding to higher potentials.
Fig. 3 shows the currents collected by the cylindrical
probe for the three values of the magnetic field as a function
of its non-dimensional potential, /w, relative to the plasma,
for positive bias relative to the plasma, up to approximately
50V. In this log-log scale it can be observed that for the
three values of the magnetic field the behavior is rather well
approximated by a power law function and that the square
root dependence predicted by Eq. (21) is rather good and
much better than the power 2 predicted by Eq. (23) for con-
stant layer width. For a better visualization, Fig. 4 shows, as
a function of /1=2w , the values of
jeB
31=2j0B0
: (24)
According to Eq. (21) the slopes in this plot correspond to
the inverse of ~aðnep=newÞ3=2. The linear fit for all field values
is also shown in the figure, allowing to determine the value
1
~aðnep=newÞ3=2
¼ ð362Þ  103: (25)
With the value (25), expression (21) can be written in terms
of fully dimensional quantities as
je ¼ ð563Þ  103 ðenepÞ
3=2
B
uw
e0
 1=2
; (26)
where uw is the (positive) potential of the wall relative to the
quasi-neutral plasma in its proximity.
MODEL APPLICATION AND DISCUSSION
Relation (26) was used to model the current collected by
the magnetic filter in the same apparatus used before. The fil-
ter was biased at a nominal potential (open circuit) of about
80V relative to the grounded cathode, and for each of four
different values of the magnetic field the current collected by
FIG. 3. Log-log plot of the current density collected by the cylindrical
probe, for three different values of the magnetic field, as a function of the
non-dimensional potential /w of the probe relative to that of the plasma.
Also included are the two lines indicating power law behavior with expo-
nents 1/2 and 2.
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the filter was measured through the voltage drop on a small
value resistance (1X) in series with the biasing circuit. A
large metallic disk, of the same radius as the filter, was used
in order to prevent the filter from collecting current beyond
the disk axial position. In this way, the current collected by
increasingly larger sections of the filter was measured and
compared with the predictions of the model (26). The model
employed for the plasma was the same as in Ref. 8, which
allows to determine, among other parameters, the values of
density and electrostatic potential for the plasma as functions
of axial and radial position.
The four values of the (maximum) magnetic field used
in the experiment were 9.2, 22.4, 29.3, and 43mT. For each
of these values the model was run to obtain the plasma den-
sity and plasma potential at the filter wall, and Eq. (26) was
used to match the experimentally determined current as a
function of the axial position, with the filter potential as only
parameter in each case, also taking a single value inside the
error band of the nondimensional coefficient in Eq. (26),
which resulted for the best fit to be 3  103.
As the filter collects relatively large currents its potential
decreases, relative to the nominal 80V, due to the internal
resistance of the power source and the resistance used to
measure the current. In Fig. 5 the experimental values of cur-
rent collected at different axial positions are shown in sym-
bols for each value of the magnetic field. In the same figure
the values given by Eq. (26) are shown in full lines. The filter
potentials (relative to the grounded cathode) that fitted the
results were 44, 53, 57, and 76V for the magnetic field
values 9.2, 22.4, 29.3, and 43mT, respectively. This is con-
sistent with an internal power-source resistance of a little
over 1X in series with the 1X measuring resistance. It is
interesting to mention that the difference of potential
between the filter and the plasma close to the filter (in the
region far from the filter entry, where the plasma potential is
uniform) resulted in all cases only of a few volts.
Also worth mentioning is that the measured value of
~aðnep=newÞ3=2, Eq. (25), corresponds to nep=new ﬃ 8 for the
classical Bohm value ~a ¼ 16, while for the accepted values
of ~a, the ratio nep=new ranges between 6 and 14, very similar
magnitudes to the value 10 used in Ref. 6 for the collisional
case.
CONCLUSIONS
A model was presented for the collisonless boundary
layer at the wall of a positively biased magnetic filter, which
by construction has a magnetic field parallel to the wall. For
the plasma densities in the experiments considered in this
work the mean free path for Coulomb collisions is of the
order of the filter dimensions,8 and so the mechanisms for
electron diffusion across the magnetic lines towards the filter
wall was thought as associated to micro-instabilities, leading
to a Bohm-like anomalous diffusion. As with most boundary
layer models, an assumption is needed to obtain closed
results like, for instance, the current-voltage characteristic.
The assumption experimentally favored was that the ratio of
electron density in the plasma, relative to that at the wall,
can be considered approximately independent of the values
of magnetic field and filter bias, leading to a collected current
density that grows as the square root of the filter potential
relative to the plasma, with a coefficient proportional to the
inverse of the magnetic field value (Eq. (26)). An important
practical point is that the large currents to the filter wall
resulting from the anomalous diffusion, limit the filter bias to
a few volts above the plasma potential in the non-collisional
regime considered, very much like an anode layer in a non-
magnetized plasma.
Finally, although a magnetic filter was considered, the
result (26) should be applicable to the metallic walls of other
magnetic systems in the conditions studied: low collisional-
ity, magnetic field parallel to the wall, and positive bias.
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